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An open reactive system is modelled by coupling the chemical kinetics to diffuse transport. 
This system operates far from the regime of linear irreversible thermodynamics. The kinetics 
correspond to a certain region in the parameter space of the Oregonator for which two symmetry-
breakdowns occur: 

a) A periodic orbit contained in an unstable manifold of the phase space. This solution is 
invariant under time-translations generated by a period. 

b) A spatial stationary dissipative structure. This solution is invariant under a subgroup of the 
space symmetry group. 

The initial time periodicity of the system is followed by a spatial pattern. 
The restriction to the center manifold in the phase space allows to reduce an infinite-

dimensional problem for the bifurcation of a semiflow to a finite dimensional system of ordinary 
differential equations. The ranges in the control concentrations for this dynamics is found in 
accord with the experimental values. We also demonstrate that if the vessel is stirred after the 
Turing pattern has emerged, the freezed wave is destroyed and the time-periodic behavior is 
achieved again. 
Key words: Bifurcation under a symmetry group, Center Manifold Theorem, Dissipative structure. 

1. Introduction 

Tempora l oscillations in the bromate-malonic-
cer ium B-Z-Z (Belousov-Zaikin-Zhabot insky [1, 2]) 
reaction were first reported by Belousov [1], Spatial 
organizat ion for the same reaction under different 
exper imenta l condit ions was reported by Busse [3] 
imposing an initial gradient in the redox indicator 
(Ferroin) . 

A more striking exper iment featuring initially 
tempora l oscillations and then a spatial organizat ion 
on which we shall concentrate in this paper , was 
discussed by Glansdor f f and Prigogine [4], 

The system is treated as open since the species 
Ce(III), B r O j , malonic acid and H+ are in large 
excess with respect to the concentration of the 
control chemicals Br~, Ce(IV), H B r 0 2 and their 
concentrat ions are regarded as parameters of the 
system. 

Reprint requests to Dr. A. Fernandez, Department of 
Chemical Physics, The Weizmann Institute of Science, 
76100 Rehovot, Israel. 

The experimental condit ions reported by Glans-
dorff and Prigogine are: 

[Ce(III)] ^ 8 x 10"3 M, 

[Br03"] s 3.5 x 10"' M, 

[Malonic acid] = 1.2 M, 

• [H + ] ^ 1.5 M. (1) 

The temporal oscillations for the pai r Ce(II I ) / 
Ce(IV) 30 minutes af te r mixing of the reactants are 
detected with the redox indicator. 

Gradua l ly , a spatial s tructure in horizontal layers 
with al ternate excess of Ce(III) and Ce(IV) is 
observed and at the same t ime, the tempora l oscilla-
tions cease. The investigation of this system leads to 
the study of the singular points of a vector field Y 
on a l inear funct ional space (the concentrat ion space 
depending on a spatial coordinate) . This vector 
f ield Y couples Fick 's d i f fus ive t ransport to the local 
kinetic effects (see Field, Koros and Noyes [5, 6]). 
The problem is first reduced to a f ini te dimensional 
one by use of the center mani fo ld theory whose 
foundat ions were put forward by Marsden (see for 
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example [7]). This theory can be appl ied to the 
analysis of Tur ing instabili t ies [8] using infinite-
dimensional b i furca t ion techniques [9]. The reader 
is referred to our pape r [10] for the specialization of 
this theory to the analysis of the dissipative struc-
tures arising in open systems driven far f rom 
equi l ibr ium (the hard and soft mode instabilities 
were studied without considering any coupl ing be-
tween organizat ions by Auchmuty [10]). 

After the problem is reduced to Poincare 's normal 
form [11] we derive the following interpretat ion for 
the dynamics discussed in [4]: 

Let the symmetry g roup of the system be: G x IR 
where G is the spatial symmetry group and IR 
represents t ime translations. This symmetry is 
broken s imultaneously in two ways when the 
homogeneous steady state becomes unstable. A 
solution emerges which is invariant under GxA 
where A represents t ime translations of the form: 
t -> t + na, n an integer, a a fixed period. 

Another solution emerges which is invariant 
under B x IR where B is a p roper subgroup of G. 

If our system were kept well-stirred (G = B = 
identity) the G x / t - invar iant solution is an attractive 
one. 

If d i f fuse t ransport is included, then the B x R -
invariant solution is attractive and the GxA-in-
variant one is unstable since the whole manifo ld 
containing is becomes unstable. 

It will be demons t ra ted that the f luctuat ions 
initially grow towards the limit cycle and af te rwards 
they ampl i fy towards the stable dissipative spatial 
structure. 

The parameter space for the system will be 
denoted by the set of vectors ( f , s, vv, q). The rela-
t ionship between the paramete rs / and vr in the 
Field-Koros-Noyes model in correspondence with 
the different features of the dynamics will be 
explored. The region in the pa rame te r space of 
interest to us is obta ined by setting the small 
parameter q = 0 [11]. 

We shall now derive the fundamen ta l s of the 
center manifold theory as appl ied by these authors 
to open systems opera t ing far f rom the linear 
irreversible the rmodynamics regime. (The reader is 
referred to [12] for fu r ther details.) 

2. The Model 
The model of Field, Koros and Noyes [5, 6] 

representing the basic features of the kinetics for 

the B-Z-Z system has been coupled with d i f fus ive 
transport of the chemical species in the model of 
Tyson and Fife [13] where target pat tern organiza-
tions are investigated. 

The situation analyzed by Tyson and Fi fe pre-
sents no compet i t ion of d i f ferent attractors in the 
phase space. 

We shall consider the local effects described by 
the kinetic equat ions 

j , = d X x / d t = s(X2 - A, A2 + A , ) , 

X2 = dX2/df = s~1 ( f X 3 - X 2 - X , X2), 

X3= dX3/dt= vv(A, - X3). (2) 

In abbreviated notation, the kinetic equat ions 
coupled with d i f fus ion have the fo rm 

X=F(X) + DI d2/dr2 X (3) 

(/• is the spatial coordinate) . 
Clearly X depends smoothly on vr. We shall prove 

first that this model is capable of featur ing simul-
taneously two dif ferent ways of losing the symmetry 
for vr smaller than a certain critical value but that 
only one is detected: the one corresponding to an 
attractive symmetry-breaking solution displaying 
horizontal layers each of un i form concentrat ion. 

The value of the Fick coeff icient D will be 
evaluated for this system in Section 3. / is the 
identity 3 x 3 matrix. 

X\, X2, X3 are proport ional to the molar concen-
trations of the control species H B r 0 2 , Br - , and 
Ce(IV) respectively (details can be found in [6]). 

s and vv are def ined in Sect. 5, their orders of 
magni tude are: 5 - 102. 10 - 3 < vv < 1. The f a c t o r / 
is a s toichiometric factor that arises f rom the reduc-
tion of Ce(IV) reacting with species in large excess 
(like b romomalonic acid) to provide Br - . The range 

f > 1 for the system given by (2) will be explored in 
detail. 

For a fixed concentrat ion of H+ , the external 
parameter [Br0 3

- ] can be regarded as the b i furca-
tion parameter . T h e threshold values are given in 
Section 5. 

2'. Attractive Structures in the Phase Space 

The steady state of the kinetic equat ions (2) is 

A'o = Ä , A0 2 . A03) = l ^ - j - . y (1 + / ) , y ^ j - ) . ( 4 ) 
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After the change of variables Y = X - XQ, problem 
(3) can be writ ten as 

Y=J(F)\X0Y+N(Y) + DI-^-2Y, 
or 

(5) 

where J(F)\Xo is the Jacobian matrix of F evaluated 
at the steady state X0: 

J(F)\xo=m^ Xj)\x-x0 

and 
DN(0) 

1, 2, 3. 

We shall denote 

L = J(F)\x0+DI a r 

(6) 

(7) 

(8) 

and 

L;=J(F)\X0~1 2DI = J(F)\X0 

n2n2 

ß2 
DI\ 

n = 0 , 1 , 2 , . . . . (9) 

The n u m b e r ß is the length in cm of the vessel of 
the reaction. 

L acts on the space 

/ / 2 ( [ 0 , / ? ] ) x / / 2 ( [ 0 , / ? ] )x / / 2 ( [0 , / ? ] ) = S , 

where / / 2 ( [0 , ß]) is the second Sobolev space [4] of 
real funct ions def ined on the real interval [0, ß]. The 
vector field Y= Yw is parametrical ly smoothly 
dependent on the pa rame te r vv and the m a p f rom 
S x R to 5 given by ( Y , u') —• YW(Y) is also smooth. 

J (F)\x0 can be regarded as a per turbat ion of 
DId2/dr2. There fore , since the operator DId2/dr2 

generates a compac t analytic semigroup (for details, 
seen Kato [4]), i.e. {e'DId2/dr\>0, so does L. 

It follows that p rob lem (5) defines a flow F, 

F, Y(r) = Y(r, t). (10) 

It represents the evolution of the system, and 

DSF,\Y= 0 = e ' L , (11) 

where Ds is the der ivat ive in the sense of Frechet 
[4] of F, in ( / / 2 ( [0 , ß}))\ 

E{Q) for any complex number Q in the spectrum 
of L will represent the eigenspace with respect to L 
associated with the eigenvalue Q. 

E (o(d2/dr2) = - a 2 ) represents the eigenspace of 
L spanned by {tycos y.r} j = l 2 ,3 , where the v/s are 
independent eigenvalues of the matr ix operator E^. 

At this point we can state the center mani fo ld 
theorem for semif lows (see for example Marsden [7] 
and also Holmes and Marsden [9]). 

If the following condit ions 

a) dim/? E [Re o(L) = 0] < oo, 

b) dim/? E [Re a(L) > 0] < oo 

(12) 

(13) 

are fulfi l led for p rob lems (5) (Eq. (7) holds). 
If at vt' = vc0 the opera tor L presents a spectrum 

intersecting the imaginary axis, there exists a center 
manifold M contained in SxR with the following 
propert ies: 

1) M contains (0, / ) , where / is an open interval 
a round the b i furca t ion critical point vv0. 

2) M is tangent to E [Re(<r(L)) = 0] x R at (0,w0). 
We shall denote this: M= F 0 F [ 0 ] . (In the original 
problem (3), M is tangent to E(0)x R at the steady 
state X0.) 

3) M is locally invariant: If ( F ( r ) , vv) e M there 
exists T= T(Y(r), u ) such that (Ft(Y), vv) e M for 
0 =1 t < T(Y). 

4) M is locally attractive: There exists an open 
ne ighborhood U of M such that if (F( , (Y) , w) e V, 
t ^ 0, then 

lim inf sup I (F , (F ( r ) ) , vv) - (V(r), w) \\= 0 . 
i-oo (V, w) e M r e[0, f f \ 

5) M is invariant under some subgroup of G x R, 
and it is tangent to the vector field 

Y (F, vv) —> (Yw( Y), 0) . 

The manifold F0 F [ R e o(L) > 0] is the unstable 
mani fo ld (see [9] for details) and it is locally 
repellent (the def ini t ion is the dual of 4). The 
crucial property of the center mani fo ld is 4). It is 
this property that leads us to identify the center 
manifold with a dissipative structure of the system. 

If the only eigenvalue of L with vanishing real 
part is zero and it is an eigenvalue of L-, for A 4= 0, 
then M = T 0 E ( 0 ) is a spatial dissipat ion structure 
arising f rom Tur ing instability. 

If they are two purely imaginary eigenvalues of L 
(± iA, A a real n u m b e r ) which are also eigenvalues 
of LQ, and the third eigenvalue of LQ is a negative 
real number , then A / = F0 E(± iA) corresponds to 
temporal oscillations a round the steady state. We 
denote M, = F0 E(o(d2/dr2) = - v2). 

A limit cycle will b i furca te f rom the steady state 
if the two complex conjugated eigenvalues /., A of L 0 
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cross the imaginary axis in the direction Re /. < 0 
Re /. > 0 while the third eigenvalue remains 

negative (7(F)lxo smoothly dependent on the 
control parameters , 5, and w), cf. [11]. This means 
that the limit cycle will be locally at tractive in M0 

but the whole mani fo ld M 0 is locally repellent 
because two eigenvalues of L 0 have a positive real 
part. 

The limit cycle is then attractive when regarded 
as a piece of A/0 but locally repellent when seen 
immersed in the whole concentrat ion space. 

If the d i f fus ion coeff icient D were zero, we would 
be left only with A/0, in which case the system 
would exhibit per iodic behavior . No te that the 
symmetry g roup has changed f rom G x IR to {/} x IR 
(IR = t ime translations). 

3. Stationary Waves in the B-Z-Z Reaction 

The Turning instability in the B-Z-Z reaction can 
be explained using kinetic equat ions that can be 
regarded as a proto type for the onset of spatial 
symmetry-breaking instabilities. 

We consider an autocatalyt ic step which enhances 
the local f luactuat ions of the concentrat ion of the 
control species HBrC>2. This process competes with 
d i f fus ion, which tends to reestablish the homoge-
neous state. 

The balance between these compet ing forces 
leads to the existence of a dissipative spatial struc-
ture. 

This s implif ied model will only be used to 
est imate the t ransport coeff icient D. The Turing 
instability proves to occur also using the detailed 
Field-Körös-Noyes kinetic model [5] as shown in 
the analysis of the present section. In an early paper , 
Busse [3] reports spatially per iodic variat ions in the 
concentrat ion of the redox indicator Ferroin in the 
B-Z-Z reaction. The theory of center mani fo lds can 
be applied in the study of the sof t -mode instability 
for the frozen spatial per iodic dissipative structure 
that emerges in this reaction. First we shall consider 
a crude model to show how this pat tern emerges. 
The autocatalytic product ion of H B r 0 2 follows the 
overall reaction [6] 

2 Ce(III) + B r 0 3 + H B r O ; + 3 H + 

^ 2Ce(IV) + H 2 0 + 2 H B r 0 2 . (14) 

This reaction can be spilt into two steps (each 
corresponds to a one electron t ransfer) : 

Br03
- + H B r 0 2 + H 

Ce(III) + B r 0 2 + H+ 

2 B r 0 2 + H 2 0 , (15) 

Ce(IV) + H B r 0 2 . 

The rate for the autocatalytic product ion of H B r 0 2 

is given by 
d2X 

X = kX+D —-=-, (16) 
on 

k ~ 0.4 sec" ' (cf . [3]). 
Consider in the first place boundary condi t ions at 

infinity (or an infinite system). For the slice tangent 
to the eigenspace of 6 2 / 6 r 2 corresponding to the 
eigenvalue - ' / } we have 

X-, = kX,_ - /? DXk, 

where 

X,\t) = Re j e~UrX(r,t)dr 

(17) 

(18) 

is the Fourier t ransform of X(r , t) corresponding to 
the e igenmode Re eUr. If the center mani fo ld corre-
sponding to the frozen dissipative structure lies at 
M, = T0 E(a(d2/dr2) = - x2), then k obeys 

k-/}D = 0 (19) 

or /. = Y k / D and the wavelength of the stat ionary 
wave is 

2n 1 Id 
(20) 

It was experimentally proved [3] that under the 
conditions [BrOf ] = 7 • 10~2 M, [ C H 2 ( C O O H ) 2 ] ^ 
0.3 M, [Ce(III)]= 10 - 3 M. A is approximately 0 .5mm. 

This gives D = 2.56 x 10~5 cm 2 sec - 1 . 
For a finite system, N e u m a n n (no flux) bounda ry 

condit ions are applied 

ÖA dX n n 

or or 

The eigenmodes are now 

At the slice 

S2 

TnE a 
dr2 

2 "> N TI 
= M, nn/ß 

= Re f exp { - in nr/ß)f(r, /) d r i , (22) 
ß o 

/(/•, t) belongs to / / 2 ( [0 . ß}) for each / ^ 0 
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the evolution of the system is descr ibed by the 
equations 

X„ — kXn ^ E)Xn ? (23) 

ß 

ßl7T 0 
Xn{t) = Re —JY J exp {—in nr/ß) X(r, t) dr. 

(24) 

In this case, if a center manifold exists, twice the 
length (2ß) of the vessel is an integer mul t ip le of 
the wavelength of the stationary diss ipat ive struc-
ture 

2n 2n 2ß 
A = 

A n T I / ß n 

where n satisfies the secular equat ion 

k-n2n2D/ß2 = 0. 

(25) 

(26) 

n can be regarded as the integer such that the 
dissipative s tructure lies in Mnn/ß. 

The problem is now to see whe the r such a 
structure might emerge using the mode l of Field, 
Körös and Noyes [5] coupled with d i f fus ion . 

We shall consider the case / = 2; the results can 
easily be derived for 1 < / < ]/2 -F 1 in an analogous 
way. vv will be regarded as the b i fu rca t ion pa ram-
eter for the occurrence of the Turing instabili ty. 

The r leat ionship between / and w for stat ionary 
waves to occur was, to the best of ou r knowledge, 
not explored before. 

The development of a spatial dissipat ive structure 
for this reaction was first reported by Zhabot in -
skii [2]. 

Consider again the space T0E(a(d2/dr2) = - A2). 
We denote /U = A2 D. 

The equat ion that gives the evolut ion of the 
system in that mani fo ld reads 

R e , ) )d / -
dt 

j-(s/2 + /x) -2s 0 \ 

= 1 - 3 / 2 5 - ( 4 / 5 ) 2/5 J Xx(r, t), 
\ vv 0 ~ ( w + m ) I 

(Xx = Re\e~Ur X(r,t)dr) (28) 

or 
X; = J(F)\XoXk-pDIXx 

in abbreviated notat ion. 
Since the spec t rum of L is equal to the union of 

the spectra of FJ^TD 's ( a ( L ) = i j o^L^ j jo ) ) , the 

manifold F 0 £ ( e r ( L ) ) = 0 reduces to TqE(o{L]jjjö) 
= 0) for certain /u. 

A non-trivial center mani fo ld will exist only if 
F^TZ) has a zero eigenvalue, that is if 

det L^/D = - I " 3 + P 2 (5 /2 + 4/5 + vv) 

+ n (4vv/5 + sw/2 + 2) + 2 w] - w + 3/u = 0 . (29) 

This equat ion in p will only have a positive solution 
if vv lies in the range 

0 < w < 1/5. (30) 

Since 5 is of the order 102 [6], (29) will only be satis-
fied if the orders of magni tude for the pa ramete r s 
are as follows: 

/ / < 1 0 ~ 2 ; n<\ /5, 

v v < 1 0 " 2 ; v v < / / . ( 3 1 ) 

We observe that the order of magn i tude of w is 
within the experimental range 1 0 - 3 to 1. 

Since f rom Busse's exper iment we can take 
ß = 1 cm, D = 2.56 x 10~5 cm 2 s ec - 1 , there should be 
n ^ 10, since p = n2n2D/ß2 < 10 - 2 . 

It is n = 9 in the experiment discussed by Glans-
dorff and Prigogine ([4], page 262). 

If /^O(H') is the value of p for wich (20) is sat isf ied, 
the f luctuations will not regress to the "homoge -
neous" manifold F 0 F( (7 (ö 2 / ö r 2 ) ) = 0 but they will be 
amplif ied until a dissipative spatial s tructure lying 
in T0E (a(d2/dr2) = - p0/D) is reached. This is 
because this mani fo ld is locally attractive in the 
sense described in Section 2. The Tur ing instability 
exists for any / i n the range 1 < / < 1 + |/2 provided 
vv lies in the range (0, 1/5) (cf. Section 4). 

The initially periodic behavior under the condi-
tions stated above is a consequence of the center 
manifold theorem stated above. As the small 
per iodic solutions b i furca te in the mani fo ld M 0 , the 
real part of the eigenvalues of L 0 becomes posit ive 
and the whole manifo ld M0 becomes repellent. T h e 
oscillatory behavior is thus abandoned and replaced 
by a Turing spatial organizat ion whose existence is 
ensured by the fulf i l lment of (29). 

4. Can a Limit Cycle Exist While the Turing 
Instability is Sustained? 

In this section, we shall demons t ra te that there 
exists for any 1 < / < + ][2 a value w c ( / , 5) such that 
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if 0 < vv < u ' c ( / , 5), l imit cycle oscillations occur 
when d i f fus ion is neglected. 

Therefore , the possibility of having both a Tur ing 
instability and a limit cycle can be material ized if 
1 < / < 1 + ]/2, 0 < w < vvc(/; 5) and 0 < vv < \/s. 

In the last section it was shown that the dissipa-
tive spatial s t ructure lies in 

TqE (a(d2/di2) = — /.I0/D). 

This implies that the union (J T0E (a(d2/di2) 

= - p / D ) is the unstable manifold and that 

U TqE(o(d2/dr2)= — ///D) 

is the stable mani fo ld for problem (3). Considering 
this p rob lem in M0 is exactly equivalent to neglect-
ing d i f fus ion in problem (5). In this section we shall 
consider the secular equat ion for problem (3) in A/0: 

03 + P02 + Q0 + R = 0. 

For / > 1, we get 

(32) 

(0 + M)(02 + N) = 0 . (34) 

M and N are positive real functions of vv. The 
center mani fo ld will then be M= T0E(G(d2/dr2)) 

This factorizat ion is possible if PQ = R 
for certain values of vv. (Then, M= P, N = Q.) This 
last equat ion reads 

5 „ 1 / + 1 1 
T ( 1 + . / ) + - V — + SlH 2 s f - 1 5 

,2 

+ 2/ ' s 1 / '+ 1 1 \2 

( 1 + / ) + 

S 1 / ' + 1 1 
+ + r + 7 - 5 ) - J = 0 , (35) 

where 
/ + 1 ( / - l ) 2 - 2 

A = — - + / = • • J 

1 - / / - 1 
(36) 

is the de te rminan t of the 2 x 2 upper submat r ix of 
L 0 . We only consider here the case / > 1. 

Equa t ion (35) will only have a positive solution if 

,5 1 /+ 1 1 \2 2f 
a) + 7 - s ) - 7 ^ - < o ? 

or 

b) A < 0 . 

(37) 

(38) 

j 1 / ' + 1 1 

2 s f - \ s 
„ f+ 1 
Q = J—F+F+(P-W) vv > 0 , 

R = w(f+ 1) > 0. (33) 

A center man i fo ld for this problem will only exist if 
two of the eigenvalues 0 a b have zero real part (the 
complex conjugated ones), and the remaining real 
eigenvalues is negative. Since P, Q, R are positive, 
this implies that the secular equat ion should be 
factorized as follows: 

The first inequali ty never holds: 
Mult iplying the l.h.s. of (37) by the positive 

quant i ty 4 s 2 ( f — l)2 , and after a little algebra we 
get the term 

[s2(J-l)2 + 4 / + 2 5 2 ] 2 - S s 2 f ( f - 1), (39) 

which is always posit ive. 
The re fo re (35) has a positive solution if and only 

if A < 0. Using (36), this condition reads 

1 < / < 1 + ]/2. (40) 

At this point we observe that the upper bound thus 
analytically obta ined is in perfect agreement with 
that ob ta ined f rom numerical analysis of the linear 
stability of the s teady state by Field and Noyes (cf. 
[6]). The i r upper b o u n d is 2.4142. The center mani-
fold will exist for vv = vvc, where vvc is the positive 
solution of (35). 

As a consequence of the Hopf bifurcation theorem 
[14], for 0<vv<vv c the center manifold T0E(±i}TQ) 
will b e c o m e a limit cycle contained in M 0 . 

This is so because for 0 < vv < wc the complex 
conjugated eigenvalues have a positive real par t : 

vv= vvc-+ ± i f Q , (41) 

>v < vvc A, (vv) ± // .2(w), /-I, /.2 > 0. 0 < vv 

5. Critical Values for the Control Parameters 

In our case f = 2. vvc has the value (cf. (35)) 

wv = 

4 4 ^ 2 5 

5 + 8/J (42) 
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Since s ~ 102, we can give the approx ima te formula 

1 2 2 - — 5 2 + y—+s 
4 r i6 

He = . (43) 
s 

s is the square root of the quot ient kx/k2, where k\ 
is the rate constant for (14) and k2 is the rate 
constant for the step 

B r - + BrOy + 2 H + -* B r 0 2 H - I - B r O H , (44) 

A',=A'01[H+], k2=k02[H+]2 (cf. [6]). (45) 

Field, Körös and Noyes [5] est imated 

A'oi = 1 x 104 M - 2 s e c " ' , 

A.'o2 = 2 x 1 M - 3 s e c - 1 . (46) 

In our experimental condi t ions 

[H+] = 1.5 M, [ B r 0 3 ] = 3.5 x 10_ 1 M 

we have 

l / 104 

0.031. (48) 

The stochiometric value / = 2 lies in the range 
imposed by (40). We can see that there exists a 
value u'o of vv such that for 0 < vv < w0, both (29) 
and (35) are fulf i l led: it suffices to take vv0 = 
Min(vvc, IA) under our exper imental condi t ions 

WQ = 1/5 = 0.017. (49) 

vv for our experimental condit ions can be calculated 
as (cf. [6]) 

w = k / ^ k 0 ] A'02 [H+]3[BrC>3] , (50) 

where k is the rate constant for the process 

2Ce(IV) + B r C H ( C 0 0 H ) 2 + 2 H 2 0 (51) 

2 Ce(III) + B r - + C 0 2 + 2 H C O O H + 3 H + , 

k ~ 1 s ec - 1 , 
1 

u ' = T7 — ^ 0.0107. (52) 
V 2.1 x 1 0 4 x ( 1 . 5 ) 3 x 3 . 5 x 10- ' 

Clearly 0 < vv < vv0 for those concentrat ions of the 
external species H + and BrO^. [ B r O f ] can be 
regarded as the control pa ramete r : 

[Br0 3 - ]H .B . = A - 2 /VV 2 (SH -O ,£O 2 [H + ] 3 

is the critical value for Hopf-b i furca t ion of the 
temporal symmetry-breaking instabili ty; 

[BrO^j j i . =s2 k2/k0\ A.'02[H+]3 

is the critical value for the Turing instability. 

6. Interpretation of the Results 

From (50) combined with the restriction 0 < vv < 
u ' 0 ( / , 5) it is clear that for a fixed concentrat ion of 
H + , the concentration of Br0 3 ~ can be regarded as 
the control pa ramete r to obtain a dynamics present-
ing an unstable limit cycle and a spatial dissipative 
structure. 

We observe that in the system under consider-
ation, [BrOj ] is bigger than in the exper iment 
considered by Field and Noyes [6], in which only 
limit cyle oscillations occur. 

If iv lies in the range \/s < vv < vvc then, since (29) 
does not have a positive solution while (35) is 
fulfil led, only limit cycle behavior occurs. This is 
the case of the Field and Noyes exper iment where 
vv> \/s (0.1610 > 1/77.27, cf. [6]). 

Observe that the large ampl i tude oscillations 
studied by Murray and Hastings [15] do not corre-
spond to the bi furcat ing small ampl i tude per iodic 
solutions obtained for 0 ^ vv ^ wc. This is so since 
under the condit ions of Hopf for b i furca t ion [14] 
the ampl i tude of small per iodic modes should be 
proport ional to ]/vvc - vv while the per iodic solutions 
of Murray and Hastings have nonzero ampl i tude at 
vv = W'c. 

The reader is referred to the work of Hsu and 
Kazarinov [12] for fur ther details. 

Figure 1 displays a cross section of the phase 
portrait . Each "sl ice" M^JQ should be actually 
three dimensional because it is the eigenspace of 
the operator Ly j j ^ . In the f igure, they have been 
represented by planes. 

These planes should actually be glued at the 
steady state A'o; they have been drawn detached 
f rom each other to avoid confusion. But if we 
increase [BrOj] , then we can make 0 < vv < I A as 
in the case of our experiment (vv = 0.0107, l / s = 
0.017). Under these conditions, we obta in : 

1. A limit cycle lying in the unstable manifo ld 
M0. (The existence of this limit cycle is a con-
sequence of the Hopf b i furcat ion theorem [11].) 
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Fig. 1. Representation of the phase portrait for the non-
stirred batch reactor. - The solid trajectories indicate the 
direction in which the fluctuations grow. 

2. A center mani fo ld lying in the manifold 
MYJ^TD where is a positive solution of (29). 

Initially the f luctuat ions will grow until the center 
manifold 

M=T0E(±i]/Q(wc,f)) 

is reached. The l imit cycle is an attractor only in 
M 0 . AS the d i f fus ion becomes impor tan t , the whole 
manifold M0 becomes unstable and the fluctuations 
will be ampl i f ied until the locally attractive mani-
fold Myß o ( H . j ) / D is reached, this mani fo ld contains 
the spatial dissipat ive structure. 

The situation can be depicted as follows: 

G x /1-invariant mani fo ld contained in M0. 
Attractive B x IR-invariant man i fo ld contained in 

7. Conclusion 

We have considered a react ion-dif fus ion system 
which presents ref lexion symmetry as well as t ime-
translation symmetry when the homogeneous steady 
state is stable. Fo r a certain range in the control 
parameters two d i f fe ren t symmetry-breaking solu-
tions s imultaneously emerge. One of them breaks 
the reflexion symmetry if the wave number of the 
freezed wave is odd. It is this solut ion that will be 
observed in an exper imenta l s i tuat ion since it corre-
sponds to the center mani fo ld of the system. 

If the vessel is st irred, the spatial organization is 
replaced by a t empora l organizat ion which in turn 
becomes the center manifold . By stirring the vessel, 
we destroy the spatial dissipative structure. This is 
equivalent to the virtual process of restricting the 
system to the man i fo ld M0 where the limit cycle is 
embedded , thus the temporal oscillations are re-
activated. 
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